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A r-partition of a subset of a given p-set X can be extended in many different 
ways to a r-partition of X. The Stirling number of the second kind S(p, r) can be 
defined as the number of all r-partitions of X, and can be regarded as the number of 
all possible extensions of the r-partitions of all the r-subsets of X. In this paper we 
study the number of extensions for a particular choice of r-partitions of the m- 
subsets of X, with 1 < m < p. 
1. INTRODUCTION 
The problem which we study in this paper is combinatorial in nature. The 
results, however, are used in Sierksma [9] which deals with Radon partitions 
in convexity spaces; see, e.g., Doignon et al. [3], and Eckhoff [4]. 
Let X be a non-empty finite set of cardinality IX] = p. We will call X a p- 
set to emphasize its cardinality. Let r be a positive integer and let (5) 
represent the set of positive integers (I,..., t}. If r < p then by a r-partition of 
the p-set X we mean the equivalence class f of functions from X onto (r), 
where two functions f and g are equivalent if there is a permutation 7~ of (5) 
for which f = K o g. Thus a r-partition of X may be thought of as a 
collection of t mutually disjoint non-empty subsets of X whose union is X. If 
r > p, then a z-partition of X will be the single equivalence class of functions 
from X onto subsets of (r) of cardinality p. Thus in the case where r > p a r- 
partition of X may be thought of as the collection of all one element subsets 
of x. 
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Let A be a non-empty subset of the finite set B. By a r-extension of a r- 
partition of A to B we mean the equivalence class of all functions from B 
into (r) whose restriction to A is in the r-partition of A and subject to the 
following condition: if f and g are both functions from B into (r) and if 
f[A = 710 glA f or some permutation 7c of (t), then f = K o g. Note that if 
r > IA 1, then a r-extension of a r-partition of A need not be a r-partition of B. 
On the other hand if r < IA 1 then a r-extension of a r-partition of A is a r- 
partition of B. 
Let X be a p-set and let 1 < r < p. There are (i) different m-subsets of X. 
For each m-subset A4 of X we choose a r-partition. We then form the r- 
extensions of each of these r-partitions ‘to X. The number of distinct r- 
extensions will depend on our choice of r-partitions. Let N(p, m, 5) be the 
minimum number of distinct r-extensions to X, where the minimum is taken 
over all possible choices of r-partitions of the m-subsets of X. 
We will use the notation illustrated in the following example to represent 
r-partitions and r-extensions: 
Let X= {x1,x2,x3,x4, x5, x6}. The function from X to (3) which maps 
x1 ,x4, x5 to one integer, x2 to another, and xj and x, to the third will be 
written (1,4, 5) (2) (3, 6). 
EXAMPLE. Takep=4, m=3, r=2. Let X={x1,x2,x),xq}. There are 
four 3-subsets of X, namely, M, = {x2, xj, x4}, M, = (x,, x3, x4}, 
M, = (x,, x2, x,}, and M4 = {x1, x2, x3}. Each Mi may be 2-partitioned in 
three distinct ways. Consider the following table with one distinct choice of a 
2-partition for each of the Mi: 
3-set 2-partition 2-extensions 
M, (29 3) (4) (L2,3) (4); (293) (174) 
Ml (19 4) (3) (1,274) (3); (194) (293) 
M3 (13 4) (2) (L3,4) (2); (L4) (273) 
M4 (19 2) (3) (L2,4) (3); (192) (374) 
Thus for this choice of 2-partitions of the Mi we have the five distinct 2- 
extensions (1,2,3) (4); (2,3) (1,4); (1,2,4) (3); (1,3,4) (2); (1,2) (3,4). 
There is a set of 2-partitions of the Mi for which there are only four distinct 
2-extensions to X and this is the minimum number. Thus N(4,3,2) = 4. 
In this paper we investigate properties of N(p, m, r). In the next section we 
derive some values of N(p, m, t) for special cases and in the last section we 
establish bounds on N(p, m, 5). 
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2. STIRLING NUMBERS OF THE SECOND KIND 
First we observe that if we consider p-subsets of a p-set X there is nothing 
to extend so we have 
N(P, P, 5) = 1. 
Next we consider r-partitions of the r-subsets of a p-set X. For any r-subsets 
of X there is only one r-partition and so the r-extensions to X are just the 
number of proper r-partitions of X. This number is well-known (see, e.g., 
[ 1,2,6, 71) and is called the Stirling number of the second kind, S(p, 5). 
Thus 
N P, 595) = S(P, r). 
As is well-known, we have 
N(p, 5, t) = + -+ 
r. kY, ( 1 
; /q-l)? (1) 
For t = 2,3, and 4 we have 
N(p, 2,2) = 2p-1 - 1, 
N(p, 3,3) = $(3p-1 - 2p + l), 
N(p, 4,4) = i(4p-’ - 3p + 3 . 2p-’ - 1). 
If we consider l-subsets of a p-set X, then there is only one r-partition. 
The r-extensions of the l-subsets of X to X yield all u-partitions of X for 
l<o<t.Thus 
N(p, 1, r)= i N(p,o,o)= 2 s(P,O). 
o=l 0=l 
THEOREM 1. The following formulae for. N( p, 1, r) hold: 
ti) NP, Lr)= c 
P(-1,’ 
7’ rQ 2, o<t+i<r 
r-2 
(ii) N(p, l,r)=rN(p- 1, l,r)- c NP- 1, I,+ 5 z 3, p > 2, 
r=L 
(iii) N(P, 1, 5) = NP - 1, L9, t = 2, p > 2. 
Proof. Equation (i) follows directly from (1) by reversing the order of 
summations and a change of variable. 
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(ii) Let x,, E X. For 1 < d < r, a o-partition of x\{x,} can be extended 
to X in u + 1 different ways, namely, by adding x,, to one of the o 
components or by taking {x,,} as a new component. Similarly if a partition of 
_x\{x,} has precisely r components, it can be extended to X in r different 
ways. Furthermore for 2<0<5, ZV(p- 1, l,a)-iV(p- 1, l,o- 1) is the 
number of partitions of x\{x,} into exactly u components. Thus 
N(p, 1,r) = 2N(p - 1, 1, 1) + 3[N(p - 1, 1,2) -N(p - 1, 1, I)] 
+*~*+r[N(p-1,1,r-l)-N(p-l,1,r-2)] 
+ r[N(p - 1, 1,r) - N(p - 1, 1, t - l)] 
r-2 
=rN(p- 1, l,r)- 1 N(p- l,l,u). 
0=l 
(iii) For r = 2 we then have 
NP, 192) = 2N(P - 1, 1, 1) + 2[N(p - 1, 1,2) -N(p - 1, 1, l)] 
= 2N(p - 1, 1,2). 
3. EXTENSIONS OF PARTITIONS 
Instead of taking extensions of r-partitions of l-subsets or r-subsets as we 
did in Section 2 we now consider arbitrary m-subsets of a given p-set X. 
THEOREM 2. N(p, m, 5) 2 (z - 1) N(p - 1, m, 7) + ZV(p - 1, m - 1, r), 
2<m<p-1. 
Proof. Let X be a p-set and x,, a fixed element of X. Let 2 Q m < p - 1. 
Then x\{x,} is a (p - 1)-set. For each m-set M in X we have either x0 E M 
or x,, & M. The sets M with x,, 6C M give rise to at least N(p - 1, m, t) t- 
extensions to x\{x,}, and the partitions of x‘\{x,} can be extended in r 
different ways to partitions of X. So partitions of the m-sets in X/Ix,,} give 
rise to at least sN(p - 1, m, r) partitions of X. The m-sets M with x,, E M 
give rise to at least N(p - 1, m - 1, r) extensions of the (m - 1 )-sets of 
a{~,,}. However, it may happen that an extension of a partition of an 
(m - 1)-set in x\{x,} also is an extension of an m-set M with x0 E M. So, to 
compensate for a possible double counting we subtract one N(p - 1, m, 5). 
Therefore, we have 
Wh m, ~)a ~N(P - 1, m, 5) + (Np - 1, m - 1, t)- Np - 1, m, 5)) 
=(5- l)N(p- l,m,r)+N(p- l,m- 1,~). 
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THEOREM 3. N(p, m, 2) = N(p - 1, m, 2) + N(p - 1, m - 1,2) with 
2<m<p-1. 
ProoJ Let X= {x,, x2 ,..., x,} be a p-set. For each m-set M = 
Ix. II’ xi2,..., xi,} in X, we take the “alternating” 2-partition { {xilk-, 1 k E (ml)}, 
{xizk 1 k E (m”)}} with m’ = rn” = jrn if m is even, m’ = j(m + 1) if m is odd, 
and m” = j(m - 1) if m is odd. The m-sets Mi c x\{x, } lead, by definition, 
to 2N(p - 1, m, 2) 2-extensions of X, and the m-sets Mi with x, E M, give 
rise to N(p - 1, m - 1, 2) different 2-extensions to X. However, each 
extension of an alternating partition of an m-set Mi cx\{xl} is also an 
extension of the alternating partition of an m-set Mj c X which contains x, , 
and all the elements of Mi except the first one xi,. Therefore, 
N(p,m,2)<2N(p- l,m,2)+N(p- l,m- 1,2)-N(p- l,m,2) 
= N(p - 1, m, 2) + N(p - 1, m - 1,2). 
Taking t = 2 in Theorem 1, we have that in fact 
N(p,m,2)=N(p- l,m,2)+N(p- l,m- 1,2). 
THEOREM 4. N(p,m,r) = (s- l)N(p- l,m,r) + N(p- l,m- l,r), 
2<m<z. 
Proof: As m < t, it follows that the r-partition of the m-sets M are 
uniquely determined, namely, the components are the singletons of M. Note 
that for m ( r the number of components of M is less than r, but that the 
number of components of an extension can be r. Furthermore, note that each 
extension of X of an m-set in x\{x,}, where x0 is a fixed element of X, can 
also be obtained as an extension of an (m - 1)-set in x\{x,}. Using the same 
arguments as in the proof of Theorem 3 we then find N(p, m, T) < 
(r - 1) N(p, m, 7) + N(p - 1, m - 1,7). This together with Theorem 2 gives 
the desired result. 
THEOREM 5. 
Proof. Consider the following difference equation 
u(p + 1, m + 1) = (7 - 1) u(p, m + 1) + u(p, m) (2) 
with u(p,p) = 0, u(p, m) = 0 for m > p, and u(p, 1) = N(p, 1, r). Then 
define 
w,(s) = F u(m +j, m) sm+j-‘. 
,s 
(3) 
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Equation (2) implies 
Solving this difference equation we find 
( ) 
m-l 
w,(s) = s”-’ 
l-(5- 1)s 
j;. fIm-2, 
v,(s) 
=p--l v 2 (r- 1)‘s’ 2 u(k+ 1,l)sk 
=sm-l KY 
,.o kgm(+;2) (?- lLk+ 1,l)d’“. (4) 
Equating coeffkients in (3) and (4) yields 
u(m+j,m)= + 
kro (“i-t’;‘) (r- l)ku(j-k+ 1, l), 
u(p, m) = (5 - ly-m-ku(k + 1, 1). 
TABLE I 
WP, m, 2) 
P 
m 1 2 3 4 5 6 I 8 9 10 
1 1 2 4 8 16 32 64 128 256 512 
2 1 3 I 15 31 63 127 255 511 
3 1 4 11 26 57 120 241 502 
4 1 5 16 42 99 219 466 
5 1 6 22 64 163 382 
6 1 1 29 93 256 
I 1 8 37 130 
8 1 9 46 
9 1 10 
IO 1 
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TABLE II 
Lower Bound for N(p, m, 3) 
P 
m 1 2 3 4 5 6 1 8 9 10 
1 1 2 5 14 41 122 365 1094 3281 9842 
2 1 4 13 40 121 364 1093 3280 9841 
3 1 6 25 90 301 966 3025 9330 
4 1 8 41 172 645 2556 7537 
5 1 10 61 294 1233 4722 
6 1 12 85 464 2161 
7 1 14 113 690 
8 1 16 145 
9 1 18 
10 I 
Replacing u(p, m) by N(p, m, r) and u(k + 1, 1) by N(k + 1, 1, r) and taking 
into account the inequality sign in Theorem 2 we obtain 
This combined with Theorem 2 gives the stated result. 
The above results were first published in the case t = 2 in Sierksma’s 
dissertation [8]. The following theorem is a special case of Theorem 5; see 
also Eckhoff [4]. 
THEOREM 6. 
Proof. It follows from Theorems 3 and 5 and [6, p. 71 that 
N(p, m, 2) = ‘S ;. (Pm:;2)2k=xi (p;1;2)(;) 
=p-fmy (P;:;y(;) 
~5 k=l 
(see ]5,~.71). 
In Tables I and II we give the values of N(p, m, 2) and the lower bound 
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P 
m 1 2 3 4 5 6 7 8 9 10 
1 I 2 5 
2 1 4 
3 1 
4 
5 
6 
7 
8 
9 
10 
14 41 122 365 
13 40 121 364 
6 25 90 301 
1 9 48 202 
1 12 18 
1 14 
1 
1094 3281 9842 
1093 3280 9841 
966 3025 9330 
147 2559 8362 
380 1571 5864 
106 592 2755 
16 141 906 
1 18 180 
1 20 
1 
values (with equality in Theorem 5) of N(p, m, 3), respectively, for 
1 < m < p < 10. Note that N(p, 1,3) = f(3P-’ + l), N(p, 2,3) = 4(3p-f - l), 
N(p, 3,3) = f(3P-’ - 2” + 1). 
The numbers in the table for t = 2 are sharp, which means that there 
exists a prescribed partition, e.g., the “alternating partition,” of the m-sets 
such that the number of 2-extensions is precisely equal to N(p, m, 2). 
However, the numbers in the table for r = 3 are not all sharp when m > 3. 
One can show, for instance, that N(5,4,3) = 9. This number is achieved by 
taking the following partitions for the m-sets M= {{m,,, m,,}, {m!,}, {m,,}}, 
which can be considered as an “alternating” partition. Taking this type of 
alternating partition for the m-sets M, one obtains Table III. Note that 
for each third row of Table III, N(p, m, 3) = 2N(p - 1, 1,3) + 
N(p - 1, m - 1,3) holds. It is not known yet whether these numbers give the 
exact number of extensions for r = 3. 
Conjecture. For any T, the “alternating” partition for the m-sets of X 
generate the minimum number of extensions. 
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